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Goals & Keyword

• Policy-Based RL vs Value-Based RL

• Monte-Carlo Policy Gradient

• Actor-Critic Policy Gradient



Policy-Based RL vs Value-Based RL

• Value-based RL: A policy is generated directly from the value 
function, 𝑉𝜋(𝑠) or 𝑄𝜋 𝑠, 𝑎
• e.g. 𝜖-greedy

• Policy-based RL: Directly parameterize the policy

𝜋 𝑠, 𝑎 = ℙ 𝑎 𝑠



Policy-Based RL vs Value-Based RL

• Value Based
• Learnt value function

• Implicit policy

• Policy Based
• No value function

• Learnt policy

• Actor-Critic
• Learnt value function

• Learnt policy

Value function Policy 

Value-Based Policy-BasedActor
Critic



Policy-Based RL vs Value-Based RL

• Policy-Based RL
(+) Better convergence properties

(+) Effective in high-dimensional or continuous action spaces

(+) Can learn stochastic policies

(−) typically converge to a local rather than global optimum*

(−) Evaluating a policy is typically inefficient and high variance

*Value-based RL could also converge to local optimum (function approx., bootstrapping, off-policy)



Deterministic policy Stochastic policy

Stochastic policy

• Stochastic environment

• Non-fully observable state

*Agent cannot differentiate the grey states



Policy Search



Policy Objective Functions

• In episodic environments we can use the start value
𝐽1 𝜃 = 𝑉𝜋𝜃 𝑠1 = 𝔼𝜋𝜃 𝑣1

• In continuing environments, we can use the average value

𝐽𝑎𝑣𝑉 𝜃 =෍

𝑠

𝑑𝜋𝜃 𝑠 𝑉𝜋𝜃 𝑠

• Or the average reward per time-step

𝐽𝑎𝑣𝑅 𝜃 =෍

𝑠

𝑑𝜋𝜃 𝑠 ෍

𝑎

𝜋𝜃 𝑠, 𝑎 ℛ𝑠
𝑎

where 𝑑𝜋𝜃(𝑠): stationary distribution of Markov chain for 𝜋𝜃

*Note: 𝐽𝑎𝑣𝑉 ≠ 𝐽𝑎𝑣𝑅



Policy gradient

• Find 𝜃 maximizing 𝐽 𝜃 : policy ascent

• Numerical policy gradient

• Compute Policy gradient analytically: Policy gradient theorem
• We can compute ∇𝜃𝜋𝜃 𝑠, 𝑎

∇𝜃𝜋𝜃 𝑠, 𝑎 = 𝜋𝜃 𝑠, 𝑎
∇𝜃𝜋𝜃 𝑠, 𝑎

𝜋𝜃 𝑠, 𝑎
= 𝜋𝜃 𝑠, 𝑎 ∇𝜃 log 𝜋𝜃 𝑠, 𝑎

𝜕𝐽 𝜃

𝜕𝜃𝑘
≈
𝐽 𝜃 + 𝜖𝑢𝑘 − 𝐽 𝜃

𝜖

(def) Score function



Policy gradient theorem

∇𝜃𝐽 𝜋𝜃 = 𝔼𝜋𝜃 ∇𝜃 log 𝜋𝜃 𝑠, 𝑎 𝑄𝜋 𝑠, 𝑎

(shortened derivation)

∇𝜃𝐽 𝜋𝜃 = ∇𝜃 σ𝑠∈𝑆 𝑑 𝑠 𝑉𝜋(𝑠)

= σ𝑠∈𝒮 𝑑 𝑠 ∇𝜃𝑉
𝜋(𝑠)

= σ𝑠∈𝑆 𝑑 𝑠 ∇𝜃 σ𝑎∈𝒜 𝑄
𝜋 𝑠, 𝑎 𝜋𝜃 𝑠, 𝑎

= σ𝑠∈𝑆 𝑑 𝑠 σ𝑎∈𝒜 𝑄
𝜋 𝑠, 𝑎 ∇𝜃𝜋𝜃 𝑠, 𝑎

= σ𝑠∈𝑆 𝑑 𝑠 σ𝑎∈𝒜 𝑄
𝜋 𝑠, 𝑎 𝜋𝜃 𝑠, 𝑎 ∇𝜃 log 𝜋𝜃 𝑠, 𝑎

= 𝔼𝜋𝜃 ∇𝜃 log 𝜋𝜃 𝑎 𝑠 𝑄𝜋 𝑠, 𝑎

*Also refer to: https://spinningup.openai.com/en/latest/spinningup/rl_intro3.html



(Example) Softmax policy

• Cartpole
• Action: left/right

• Softmax policy

Left: 𝜋𝜃 𝑎0 𝑠 =
exp ℎ𝜃 𝑎0 𝑠

σ𝑎∈𝒜 exp ℎ𝜃 𝑎 𝑠
= 𝑝

Right: 𝜋𝜃 𝑎1 𝑠 =
exp ℎ𝜃 𝑎1 𝑠

σ𝑎∈𝒜 exp ℎ𝜃 𝑎 𝑠
= 1 − 𝑝

Action: sampling (𝑝/1 − 𝑝) → left or right



(Example) Gaussian policy

• Bipedal walker
• Action: motor speed values for each of the 4 joints at both hips and knees

𝜋𝜃 𝑎 𝑠 =
1

2𝜋𝜎 𝑠, 𝜃
exp −

𝑎 − 𝜇 𝑠, 𝜃
2

2𝜎 𝑠, 𝜃 2

Joint1: 𝜇𝜃1 , 𝜎𝜃1 from ℎ𝜃1
Joint2: 𝜇𝜃2 , 𝜎𝜃2 from ℎ𝜃2
Joint3: 𝜇𝜃3 , 𝜎𝜃3 from ℎ𝜃3
Joint4: 𝜇𝜃4 , 𝜎𝜃4 from ℎ𝜃4

Joint1: sample from 𝒩 𝜇𝜃1 , 𝜎𝜃1
Joint2: sample from 𝒩 𝜇𝜃2 , 𝜎𝜃2
Joint3: sample from 𝒩 𝜇𝜃3 , 𝜎𝜃3
Joint4: sample from 𝒩 𝜇𝜃4 , 𝜎𝜃4



Monte-Carlo Policy Gradient (REINFORCE)

• Update parameters by stochastic gradient ascent

• Using return 𝑣𝑡 as an unbiased sample of 𝑄𝜋𝜃 𝑠𝑡 , 𝑎𝑡
∇𝜃𝑡= 𝛼∇𝜃 log 𝜋𝜃 𝑠𝑡 , 𝑎𝑡 𝑣𝑡

function REINFORCE

Initialize 𝜃

for each episode 𝑠1, 𝑎1, 𝑟2, … , 𝑠𝑇−1, 𝑎𝑇−1, 𝑟𝑇 ~𝜋𝜃 do

for 𝑡 = 1 to 𝑇 − 1 do

𝜃 ← 𝜃 + 𝛼∇𝜃 log 𝜋𝜃 𝑠𝑡 , 𝑎𝑡 𝑣𝑡
end for

end for

return 𝜃



Actor-Critic

• Monte-Carlo policy gradient has high variance

• We use a critic to estimate the action-value function

• Actor-critic algorithms maintain two sets of parameters
• Critic: updates action-value function parameters 𝑤

• Actor: updates policy parameters 𝜃

• Actor-critic algorithms follow an approximate policy gradient

∇𝜃𝐽 𝜃 ≈ 𝔼𝜋𝜃 ∇𝜃 log 𝜋𝜃 𝑠, 𝑎 𝑄𝑤 𝑠, 𝑎
Δ𝜃 = 𝛼∇𝜃 log 𝜋𝜃 𝑠, 𝑎 𝑄𝑤 𝑠, 𝑎



Actor-Critic

function QAC
Initialize s, 𝜃

Sample 𝑎~𝜋𝜃
for each step do

Sample reward 𝑟 = ℛ𝑠
𝑎 ; sample transition 𝑠’~𝒫𝑠

𝑎

Sample action 𝑎′~𝜋𝜃 𝑠′, 𝑎′

𝛿 = 𝑟 + 𝛾𝑄𝑤 𝑠′, 𝑎′ − 𝑄𝑤 𝑠, 𝑎 // Critic

𝜃 = 𝜃 + 𝛼∇𝜃 log 𝜋𝜃 𝑠, 𝑎 𝑄𝑤 𝑠, 𝑎 // Actor

𝑤 ← 𝑤 + 𝛽𝛿∇𝑤𝑄𝑤(𝑠, 𝑎)
𝑎 ← 𝑎′, 𝑠 ← 𝑠′

end for
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