
Reinforcement Learning: 
Markov Decision Process

AI/ML Teaching



Goals

• Brief concept of Reinforcement Learning (RL)

• Markov Decision Process (MDP) for RL

• Why model-free RL?



Reinforcement Learning (RL)

• No supervisor, only a reward

• Feedback can be delayed

• Agent’s actions affect the subsequent data it receives

• Example:

• Goal: select actions to maximize total future reward

• Actions may have long term consequences

• Reward may be delayed
• May be better to sacrifice immediate reward go gain more long-term reward



Agent and Environment

• Agent at step 𝑡
• Receives observation 𝑂𝑡
• Executes action 𝐴𝑡
• Receives reward 𝑅𝑡

• Environment
• Receives observation 𝐴𝑡
• Emits observation 𝑂𝑡+1
• Emits scalar reward 𝑅𝑡+1

• State is a function of the history (𝑂1, 𝑅1, 𝐴1, … 𝐴𝑡−1, 𝑂𝑡 , 𝑅𝑡)



Markov Decision Process

• Markov decision processes (MDPs) formally describe an 
environment for RL where the environment is fully observable
• Real world is partially observable

• Well-defined environment/state or summarized state → Markov 
approximation

• Mathematically tractable

• Markov state: A state 𝑆𝑡 is Markov if and only if

ℙ 𝑆𝑡+1 𝑆𝑡 = ℙ 𝑆𝑡+1 𝑆1, … , 𝑆𝑡
• Future is independent of the past given the present

• The state is a sufficient statistic of the future



Markov State Example



Markov Process (or Markov Chain)

• Markov Process is a memoryless random process
• Tuple 𝒮,𝒫

• 𝒮: set of state (𝑆1, 𝑆2, … )

• 𝒫: state transition probability matrix



Markov Chain Example



Markov Reward Process

• Markov chain with values

• Markov Reward Process: Tuple 𝒮, 𝒫, ℛ, 𝛾
• 𝒮: set of state (𝑆1, 𝑆2, … )

• 𝒫: state transition probability matrix

• ℛ: reward function (ℛ𝑠 = 𝔼 𝑅𝑡+1 𝑆𝑡 = 𝑠 )

• 𝛾: discount factor

• Return 𝐺𝑡 = 𝑅𝑡+1 + 𝛾𝑅𝑡+2 +⋯ = σ𝑘=0
∞ 𝛾𝑘𝑅𝑡+𝑘+1

• 𝛾 close to 0 leads to myopic evaluation

• 𝛾 close to 0 leads to far-sighted evaluation



Value function

Bellman equation

The state value function v(s) of an MRP is the expected return starting from state s

𝑣 𝑠 = 𝔼 𝐺𝑡 𝑆𝑡 = 𝑠





Bellman Equation 



Markov Decision Process

• Markov chain with values

• Markov Reward Process: Tuple 𝒮,𝒜,𝒫, ℛ, 𝛾
• 𝒮: set of state (𝑆1, 𝑆2, … )

• 𝒜: set of actions

• 𝒫: state transition probability matrix
• 𝒫𝑠𝑠′

𝑎 = ℙ[𝑆𝑡+1 = 𝑠′|𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎]

• ℛ: reward function (ℛ𝑠
𝑎 = 𝔼 𝑅𝑡+1 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎 )

• 𝛾: discount factor





Policies

A policy 𝜋 is a distribution over actions given states,

𝜋 𝑎 𝑠 = ℙ 𝐴𝑡 = 𝑎 𝑆𝑡 = 𝑠

• Given an MDP ℳ = 𝒮,𝒜,𝒫,ℛ, 𝛾 and a policy 𝜋

• The state sequence 𝑆1, 𝑆2, … is a Markov process 𝒮,𝒫𝜋

• The state and reward sequence 𝑆1, 𝑅2, 𝑆2, … is a Markov reward process 
𝒮,𝒫𝜋 , ℛ𝜋 , 𝛾

• 𝒫𝑠,𝑠′
𝜋 = σ𝑎∈𝒜 𝜋 𝑎 𝑠 𝒫𝑠𝑠′

𝑎

• ℛ𝑠
𝜋 = σ𝑎∈𝒜 𝜋 𝑎 𝑠 ℛ𝑠

𝑎



Value function

• State-value function

• Action-value function





Bellman Expectation Equation



Bellman Expectation Equation



Optimal Value Function



Optimal Value Function



Optimal Action-Value Function



Optimal Policy



Bellman Optimality Equation 



Bellman Optimality Equation

𝑣∗ 𝑠 = max
𝑎

෍

𝑠′,𝑟

𝑝 𝑠′, 𝑟 𝑠, 𝑎 𝑟 + 𝛾𝑣∗ 𝑠
′

• Bellman Optimality Equation is non-linear

• No closed form solution

• Many iterative solution methods
• Value/policy iteration

• Q-learning

• SARSA

• Bellman Expectation Equation (𝑣 = ℛ + 𝛾𝒫𝑣)
• Usually, ℛ and 𝒫 are unknown (model-free)

• Too many states → infeasible

𝑣𝜋 𝑠 = ෍

𝑎

𝜋 𝑎 𝑠 ෍

𝑠′,𝑟

𝑝 𝑠′, 𝑟 𝑠, 𝑎 𝑟 + 𝛾𝑣𝜋 𝑠′

Also should be iterative



Reference

• David Silver, COMPM050/COMPGI13 Lecture Notes
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